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We present a particular type of one-dimensional nonlinear lattice that supports smoothly propagating
discrete breathers. The lattice is constructed by imposing a particular symmetry on its potential function.
This symmetry crucially affects the profile and motion of a traveling discrete breather. We show that any
traveling discrete breather is truly localized with no tail and can smoothly propagate with a constant
velocity. Theoretical analysis using an average Lagrangian explains this numerical observation.
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Discrete breathers (DBs) are space-localized vibration
modes that ubiquitously emerge in dynamical systems with
both discreteness and nonlinearity. The concept of DB was
introduced by Sievers and Takeno [1], and it has been
of great interest [2,3]. Two types of DBs are known to
be possible, i.e., stationary and traveling DBs. Long-lived
traveling DBs have been found numerically [4–6]; they
propagate along the lattices without noticeable decay for a
long time. Such traveling DBs are of considerable interest
from the viewpoint of energy transport in discrete dynami-
cal systems, and their properties have been investigated in a
variety of lattice models [7–10].
In general, the lattice discreteness tends to reduce the

mobility of DB. For instance, an approximate traveling
DB produced by kicking a stationary DB loses its velocity
during its propagation, and it is eventually trapped at a
certain lattice site in the Fermi-Pasta-Ulam (FPU) lattice
[6]. This velocity loss is significant especially for strongly
localized DBs, i.e., in the highly discrete regime, while it is
insignificant for weakly localized DBs.
On the other hand, it is possible to precisely compute a

traveling DB solution without velocity loss numerically in
various lattices. The most remarkable feature of such a
traveling DB is that it has a small amplitude tail extending
over the lattice [7–10]. Another feature is that it does not
propagate with a constant velocity but with periodically
varying velocity, i.e., the nonsmooth propagation [8]. The
period of this velocity variation is just the time needed for
propagating one lattice space. It is known that both the tail
and the velocity variation vanish in the continuum limit,
where the DB is very weakly localized [9,11]. This fact
indicates that the two features are just manifestations of the
lattice discreteness effect.
A natural question iswhether there exists any latticemodel

that allows constant-velocity traveling DBs with no tail, i.e.,
free from the discreteness effect, except for the integrable

lattice [12]. If it exists, such a special lattice may offer high
mobility in the sense that even an approximate traveling
DB can propagate with little velocity loss. A related, even
more fundamental, issue is to clarify an essential property
of the lattice potential that causes the discreteness effect.
Some special lattices of nonlinear Schrödinger type, which
allow constant-velocity traveling DBs with no tail, have
been constructed [13,14]. However, investigations on these
lattices do not elucidate the above fundamental issue.
In this paper, we construct a particular FPU-type lattice,

which has a potential function consisting of pairwise inter-
actions and may be physically reasonable, and we numeri-
cally show that it allows constant-velocity travelingDBswith
no tail and, moreover, exhibits a high mobility of approxi-
mate traveling DBs. The present lattice is an extension of the
four-particle lattice constructed in Ref. [15] to an arbitrary
degree of freedom, and it has a particular symmetry in its
potential function. We show that the lack of this symmetry is
the origin of the discreteness effect on propagation of DB.
Let us consider a class of one-dimensional lattices

defined by the Hamiltonian

H ¼ 1

2

XN

n¼1

p2
n þ Φðq1; q2;…; qNÞ; ð1Þ

where pn and qn are the momentum and the displace-
ment of the nth particle, respectively, and N is the number
of particles. We assume the periodic boundary condition
and that the potential Φ is invariant for cyclic permu-
tations of the coordinates, i.e., Φðq2; q3;…; qN; q1Þ ¼
Φðq1; q2;…; qN−1; qNÞ.
We introduce the complex normal mode coordinates

Um ∈ C; m ¼ −N=2þ 1;…; N=2 via the transformation

qn ¼
ð−1Þnffiffiffiffi

N
p

XN=2

m¼−N=2þ1

Um exp ½iθmn&; n ¼ 1;…; N; ð2Þ
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where θm ¼ 2πm=N and U−m ¼ Ūm. The variable UN=2 ¼
ðq1 þ $ $ $ þ qNÞ=

ffiffiffiffi
N

p
represents the center of mass. Let us

define the map T λ∶CN−1 → CN−1 by

T λ∶ Um↦Um exp½−iθmλ'; m ¼ −Nh;…; Nh; ð3Þ

where λ∈R andNh¼N=2−1. Given a displacement pattern
q¼ðq1;…;qNÞ satisfying UN=2 ¼

PN
n¼1 qn=

ffiffiffiffi
N

p
¼ 0, the

action of T λ with λ ¼ 1 corresponds to shifting q by one
lattice site and reversing its sign in the configuration space,
i.e., qn↦ − qn−1. Thus, T λ with an arbitrary λ is regarded as
a continuous extension of this discrete shifting. Note that the
action of T λ is not defined for m ¼ N=2. This is because
UN=2 has to be a real number, but the mapping of Eq. (3)
would readUN=2↦UN=2 exp½−iπλ' and not be closed within
R for λ∉Z.
In the coordinates (2), Hamiltonian (1) reads

H ¼ 1

2

XNhþ1

m¼−Nh

j _Umj2 þ ΦðU; UN=2Þ; ð4Þ

where U ¼ ðU−Nh
;…; UNh

Þ. We can decompose the
potential as ΦðU; UN=2Þ ¼ ΦðU; 0Þ þRðU; UN=2Þ, where
R≡ ΦðU; UN=2Þ − ΦðU; 0Þ. The UN=2-independent part
ΦðU; 0Þ can be decomposed into two parts, ΦsðUÞ and
ΦaðUÞ, in such a way that ΦsðUÞ is invariant with respect
to T λ; i.e., ΦsðT λUÞ ¼ ΦsðUÞ for any U ∈ CN−1 and any
λ ∈ R, while ΦaðUÞ≡ ΦðU; 0Þ − ΦsðUÞ is asymmetric
with respect to T λ. We call the former part ΦsðUÞ the
symmetric part. Performing this decomposition in Eq. (4),
we have

H ¼ 1

2

XNhþ1

m¼−Nh

j _Umj2 þ ΦsðUÞ þΨðU; UN=2Þ; ð5Þ

where Ψ≡ ΦaðUÞ þRðU; UN=2Þ is regarded as the asym-
metric part of the whole potential ΦðU; UN=2Þ.
Let I ¼ fðq;pÞ ∈ R2N j

PN
n¼1 qn ¼

PN
n¼1 pn ¼ 0g.

This is the subspace specified by UN=2 ¼ _UN=2 ¼ 0. We
call lattice (1) or (5) a symmetric lattice if I is its invariant
subspace and ΨðU; 0Þ ¼ ΦaðUÞ ¼ 0. These conditions
mean that the Hamiltonian subsystem restricted on I has
a potential consisting of the symmetric part Φs only.
We carry out an approximate analysis using the average

Lagrangian method to investigate the propagation property
of DBs in a symmetric lattice. Consider the lattice (5),
and let ~UðtÞ ¼ ( ~U−Nh

ðtÞ;…; ~UNhþ1ðtÞ) be a stationary
DB solution of it, ~UðtÞ ¼ ~Uðtþ TÞ, and ωDB ≡ 2π=T is
its internal frequency. To approximate a corresponding
traveling DB, we assume the ansatz

qnðtÞ ¼ μþ ð−1Þnffiffiffiffi
N

p
XNh

m¼−Nh

~UmðtÞ exp½iθm(n − xðtÞ)'; ð6Þ

where xðtÞ is the collective coordinate representing the
position of the traveling DB and μ is the dc bias constant
given by the time average of ~UN=2=

ffiffiffiffi
N

p
. Using this ansatz,

we have

_qn ¼
ð−1Þnffiffiffiffi

N
p

XNh

m¼−Nh

f _~Um − iθm _x ~Umg exp½iθmðn − xÞ': ð7Þ

Note that the ansatz (6) is equivalent to the substitution
of T x

~UðtÞ and μ into Eq. (2) as fUmg
Nh
m¼−Nh

and UN=2,
respectively. The variation of x is assumed to be much
slower than that of ~UðtÞ.
If we substitute Eq. (7) into the kinetic energy

K ¼ 1
2

PN
n¼1 _q

2
n and average it with respect to the fast

variables ~UðtÞ, then we obtain the average kinetic energy
hKiT ¼ h

PNh
m¼−Nh

j ~Umj2=2iT þ h
PNh

m¼1 θ
2
mj ~Umj2iT _x2, where

h·iT stands for the time average over one period T. We
denote the first and second averages in hKiT with C1 and A,
respectively, since they do not depend on time but they
are constants.
The averaged potential energy is obtained as hViT ¼

hΦsðT x
~UÞiT þ hΨðT x

~U;μÞiT ¼ hΦsð ~UÞiT þ hΨðT x
~U;μÞiT .

The first term hΦsð ~UÞiT is a constant C2 since it is
independent of x. The second term hΨðT x

~U; μÞiT is a
function of x, which we denote with WðxÞ. The function
WðxÞ is a periodic function with period one (lattice
spacing), i.e.,WðxÞ ¼ Wðxþ 1Þ, because of the invariance
of Φ for cyclic permutations of q.
Combining hKiT and hViT , we obtain the averaged

Lagrangian hLiT ¼ hKiT − hViT in the form

hLiT ¼ A_x2 þ C −WðxÞ; ð8Þ

where C ¼ C1 − C2. If the lattice is a symmetric one, hLiT
has the form of a free-particle Lagrangian since WðxÞ
vanishes on I . Then _xðtÞ ¼ const follows. This result of
average Lagrangian analysis indicates that a traveling DB
propagates smoothly with a constant velocity in a sym-
metric lattice. On the other hand, for nonsymmetric lattices
such as the FPU lattice, Eq. (8) indicates that a traveling DB
behaves like a particle in the periodic potential WðxÞ.
A simple method for obtaining a symmetric lattice is to

consider an ordinary lattice model and remove the asym-
metric part from its potential. However, this leads to an
unphysical model. Here we construct a physically reason-
able symmetric lattice. We look for such a lattice, assuming
the potential in Eq. (1) of the form

Φ¼
XN

n¼1

"
1

2
ðqnþ1−qnÞ2þVðqnÞ

#
þ
XN=2

r¼1

XN

n¼1

br
4
ðqnþr−qnÞ4;

ð9Þ

where VðqÞ ¼ αq2=2þ βq4=4 is the on-site potential and
br, α, and β are constants. This is a potential consisting of
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long-range pairwise interactions: br represents the inter-
action strength with the rth neighbor particle. The lattice
with potential (9) may be regarded as a generalization of the
FPU-β lattice since it reduces to the FPU-β lattice when
α ¼ β ¼ 0 and br ¼ 0 for r ≥ 2.
If we substitute Eq. (2) into Eq. (9), the potential Φ is

rewritten in terms of U [16]. It can be shown that I is
invariant if and only if β ¼ 0. When β ¼ 0 and UN=2 ¼ 0,
the rest of the asymmetric part is obtained as follows:

ΦaðUÞ ¼ −
4

N

XNh

i;j;k;l¼−Nh
iþjþkþl¼%N

ψ ði;j;k;lÞðbÞUiUjUkUl; ð10Þ

where b ¼ ðb1;…; bN=2Þ. The coefficients ψ ði;j;k;lÞðbÞ are
linear combinations of fbrg

N=2
r¼1 , and they are given by

ψ ði;j;k;lÞðbÞ ¼
XN=4

q¼1

½b2q−1cð2q−1Þicð2q−1Þjcð2q−1Þkcð2q−1Þl

−b2qs2qis2qjs2qks2qk'; ð11Þ

where cα ¼ cosðαπ=NÞ and sα ¼ sinðαπ=NÞ. Let Q¼
fði; j;k; lÞ∈Z4j−Nh ≤ i; j;k; l≤Nh; iþ jþ kþ l¼%Ng.
The lattice becomes symmetric if and only if the asymmetric
partΦaðUÞ vanishes. The conditionΦaðUÞ ¼ 0 is equivalent
to

ψ ði;j;k;lÞðbÞ ¼ 0; ∀ði; j; k; lÞ ∈ Q: ð12Þ

This gives a set of linear equations for fbrg
N=2
r¼1.

Let S1 ¼ fð0; nþ 1; N=2 − n;N=2 − 1Þj1 ≤ n ≤ N=4 −
1g ⊂ Q and S2 ¼ fð2−m;m;N=2−1;N=2−1Þjm¼ 1

or3≤m≤N=4þ1g⊂Q. The equations ψ ði;j;k;lÞðbÞ ¼
0; ði; j; k; lÞ ∈ S1∪S2 are N=2 − 1 linearly independent
equations, and they have a nontrivial solution b ≠ 0 since
the number of equations is smaller than that of the unknowns.
It can be shown that this nontrivial solution also solves the
other equations in Eq. (12). The following theorem holds.
Theorem Given N, let b¼ðb1;…;bN=2Þ be a nontrivial

solution of the equations ψ ði;j;k;lÞðbÞ¼0;ði;j;k;lÞ∈S1∪S2.
Suppose β ¼ 0. Then Hamiltonian (1) with potential (9) is a
symmetric lattice for any α ∈ R.
The solution b is uniquely determined up to a constant

factor. Figure 1 shows numerically calculated br for b1 ¼ 1.
It is found that br=b1 can be approximated by r−2 for r not
close to N=2. For r≃ N=2, br=b1 converges to a certain
nonzero value, which depends on N, due to a finite-size
effect. We call the lattice constructed here the pairwise
interaction symmetric lattice (PISL).
A numerically exact traveling DB solution can be calcu-

lated for a given pair of internal frequency ωDB and velocity
vDB by using the Newton-Raphson method, provided that
the velocity is given by vDB ¼ f=g (sites/periods) with f

and g integers; i.e., the DB propagates f lattice sites during
g internal vibrations.
Figures 2(a)–2(d) show profiles of traveling and

stationary DBs in terms of the site energy en ¼ VðqnÞþ
½ðqnþ1 − qnÞ2 þ ðqn − qn−1Þ2'=4þ

PN=2
r¼1 br½ðqnþr − qnÞ4þ

ðqn − qn−rÞ4'=8, for two PISLs and two nonsymmetric
lattices. As nonsymmetric lattices, we employ the FPU-β
lattice and the nonlinear on-site lattice that has α ¼ β ¼ 1

and fbrg
N=2
r¼1 the same as the PISL. Figure 2(a) shows that

the traveling DB has a profile that is quite different from
that of the stationary DB in the FPU-β lattice. The traveling
DB has a spatially extended tail, where the site energy does
not decrease with increasing distance from the DB center,
but it is nearly constant; the stationary DB has no tail
and exhibits an exponential decrease in the site energy.
In contrast, as shown in Fig. 2(b) and 2(c), there is no
significant difference in profile between the traveling and

FIG. 1. Interaction strength br obtained by solving Eq. (12)
numerically [2br is plotted for r ¼ N=2 since the interaction of a
particle with its N=2th neighbor is summed twice in Eq. (9)]. The
dashed line indicates the scaling law br=b1 ¼ r−2.

FIG. 2. Site energy for traveling (red solid line) and stationary
DB (blue dashed line) in (a) the FPU-β lattice, (b) PISL
(α ¼ β ¼ 0), (c) PISL with linear on-site (α ¼ 1, β ¼ 0), and
(d) nonlinear on-site lattice (α ¼ β ¼ 1). Parameters are ωDB ¼ π
and vDB ¼ 1=10.
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stationary DBs in the PISLs for both α ¼ 0 and 1. It should
be noted that the travelings DBs have no constant-
amplitude tail. The on-site potential nonlinearity (β ≠ 0)
destroys the potential symmetry. Consistently, the traveling
DB has a spatially extended tail in Fig. 2(d) for the
nonlinear on-site lattice.
The tail of a travelingDB in the FPU-β lattice emerges due

to resonances of the internal vibration of theDBwith phonon
modes [9]. This mechanism is general and has been pointed
out also for the nonlinear Schrödinger lattice [10]. The tail-
free profile of traveling DB in Fig. 2(b) suggests a lack of
such resonances in the PISL. Figure 3 shows jSðk;ωÞj2,
where Sðk;ωÞ ¼

R∞
−∞ UkðtÞeiωtdt=

ffiffiffiffiffiffi
2π

p
. In Fig. 3(a), multi-

ple lines in (k, ω) space appear and intersect with the
dispersion curve in the FPU-β lattice. Each intersection
corresponds to the resonance. In contrast, in Fig. 3(b), only a
single line appears near its internal frequency, and this line
does not intersect with the dispersion curve, showing that no
resonance occurs in the PISL. The results in Figs. 2 and 3
show that emergence of tails of traveling DBs and the
associated resonances are due to the asymmetric part Ψ.
Given a traveling DB, we define its center position by

xðtÞ ¼
PN

n¼1 nenðtÞ, where en is the site energy. We use a
short-time average of x given by XðtÞ ¼

R
tþτ
t−τ xðsÞds=2τ to

investigate the propagation process of the traveling DB.

The short-time average is performed in order to reduce
fluctuations of xðtÞ due to the fast internal DB vibration.
The derivative _XðtÞ may be regarded as the instantaneous
velocity of the DB. Figure 4 shows XðtÞ of traveling DBs
with ωDB ¼ π and vDB ¼ 1=16. In the FPU-β lattice and
the nonlinear on-site lattice, the DB propagates non-
smoothly with periodically varying velocity _XðtÞ: _X takes
the maximum and minimum values when X is at the
midpoint between two lattice sites and at a lattice site,
respectively, in the FPU-β lattice; the opposite variation is
observed in the nonlinear on-site lattice. In contrast, the DB
propagates smoothly with a constant _XðtÞ in each PISL.
Examples of traveling DBs with different vDB are shown in
Fig. 5 for the PISL, demonstrating that DBs have no tail
and that they propagate with constant velocities for various
ωDB and vDB values in PISL.
The smooth and nonsmooth propagation processes in

the PISLs and the other lattices shown in Figs. 4 and 5 are
consistent with the theoretical results of the average
Lagrangian analysis. To further compare numerical and
theoretical results, we show trajectories of numerically
exact traveling DBs in (X, _X) space in Fig. 6. In the case of
the FPU-β lattice, the trajectories behave just like the
motion of a particle in a periodic potential in Fig. 6(a).
Similar results for the FPU-β lattice have already been
reported [17]. On the other hand, the trajectories behave
just like free-particle motion in the PISL, as in Fig. 6(b).

FIG. 3. Space-time Fourier spectrum of traveling DB for
(a) FPU lattice and (b) PISL (α ¼ β ¼ 0). jSðk;ωÞj2 is presented
by color in log scale for ωDB ¼ π and vDB ¼ 1=10. The blue line
indicates the dispersion curve. The red line indicates ωDB.
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FIG. 4. The center X of traveling DB vs t for the FPU-β lattice,
PISLs (α ¼ β ¼ 0) and (α ¼ 1, β ¼ 0), and a nonlinear on-site
lattice. The averaged velocity vDB ¼ 1=16, and the internal
frequency ωDB ¼ π.

FIG. 5. The center X of the traveling DB vs t for PISL
(α ¼ β ¼ 0). Parameters are vDB ¼ 1=4, 1=10 with ωDB ¼ π.
The inset shows the DB profile.

FIG. 6. Averaged trajectory of traveling DB in (X, _X) space
with ωDB ¼ π and vDB ¼ 1=g (g ¼ 4; 5;…; 16). (a) The FPU-β
lattice and (b) PISL (α ¼ β ¼ 0).
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These behaviors in two lattices coincide with and validate
the average Lagrangian analysis. Based on the numerical
results in Figs. 4–6 and the theoretical analysis, we may
conclude that the asymmetric part Ψ of the potential causes
the nonsmooth propagation of traveling DB.
Figure 7 shows spatiotemporal plots of the site energy of

approximate travelingDBs,which are obtained by perturbing
exact stationaryDBs. InFig. 7(a), an approximateDB loses its
velocity gradually, and it is eventually trapped at a lattice site
in the FPU-β lattice. In contrast, in Fig. 7(b), even an
approximateDBpropagates smoothlywithout any noticeable
velocity loss in thePISL.This confirms that a highmobility of
approximate traveling DB is achieved in the PISL.
We have also considered an approximate PISL that has

truncated interactions up to Mth (M ≪ N=2) nearest-
neighbor particles and confirmed that it still supports high
mobility of DB. Numerical results in the truncated PISL are
shown in Ref. [16].
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